Abstract. We give examples of asymptotically flat three-manifolds (M, g) which admit arbitrarily large constant mean curvature spheres that are far away from the center of the manifold. This resolves a question raised by G. Huisken and S.-T. Yau in 1996. On the other hand, we show that such surfaces cannot exist when (M, g) has nonnegative scalar curvature. This result depends on an intricate relationship between the scalar curvature of the initial data set and the isoperimetric ratio of large stable constant mean curvature surfaces.
Introduction
In this paper, we contribute towards a full understanding of large stable constant mean curvature surfaces in asymptotically flat three-manifolds. In particular, we discover and use a delicate mechanism that brings out the subtle role of scalar curvature in this problem. Our results lie at the juncture of the classical analysis of Riemannian manifolds via their isoperimetric properties on the one hand, and deep recent developments in mathematical relativity through the work of H. Bray [3] and G. Huisken [13] on the other hand.
Stable constant mean curvature surfaces have been used with great success to capture physical properties of initial data sets for the Einstein equations. A landmark result in this direction due to G. Huisken and S.-T. Yau [14] says that the ends of non-flat initial data sets admit canonical foliations through stable constant mean curvature spheres. The mass and the center of mass of the initial data set are encoded in these spheres. Moreover, any stable constant mean curvature sphere which encloses a sufficiently large compact set is a leaf of this foliation (cf. [18] ). D. Christodoulou and S.-T. Yau [7] observed that the Hawking mass is a natural quasi-local measure of gravitation for regions in initial data sets that are bounded by stable constant mean curvature spheres. H. Bray [3] observed that the Hawking mass is monotone increasing along an expanding foliation through such spheres, such as that of [14] , if the scalar curvature is non-negative.
J. Metzger and the second-named author showed that the stable constant mean curvature spheres in [14] enclose their volume with the least amount of area possible. In fact, they are uniquely characterized by this property [10] . This result holds in all dimensions [12] . It resolves a conjecture of H. Bray who in this Stanford thesis characterized the solutions of the isoperimetric 1 problem in the exact Schwarzschild manifold [3] . We characterized the solutions of the isoperimetric problem in the doubled Schwarzschild manifold in [6] . Moreover, in a recent paper [5] , the first-named author showed that any embedded constant mean curvature surface in the Schwarzschild manifold is a sphere of symmetry. This result is similar to the classical Alexandrov theorem in Euclidean space in that it does not require any assumptions concerning the topology of the surface or the stability operator. Moreover, the result can be generalized to a large class of rotationally symmetric manifolds; see [5] for a precise statement.
We assume throughout that g is a Riemannian metric on R 3 such that
where the components of T are homogeneous functions of degree −2. As in [14] , we require corresponding estimates for the first and second derivatives of the metric. The metric g describes the asymptotically flat end of an initial data set whose mass is normalized to 2. In fact, the first term on the righthand side of (1) is the exact Schwarzschild metric. Our assumptions on the structure of the perturbation term T are slightly stronger than in [14] . Let Σ be a closed stable constant mean curvature surface in (R 3 , g). Let H Σ denote the mean curvature of Σ and let ρ Σ := sup{ρ > 0 : B ρ (0)∩Σ = ∅}. We say that Σ is outlying if the compact region bounded by Σ is disjoint from B ρ Σ (0) and if the mean curvature of the coordinate spheres ∂B ρ (0) is positive for all ρ ≥ ρ Σ . By the maximum principle, H Σ > 0 if Σ is outlying.
Our first result shows that, in general, there may exist arbitrarily large outlying stable constant mean curvature spheres in an initial data set. This settles a question left open in the work of G. Huisken and S.-T. Yau; see [14] , p. 310. Theorem 1. Let a ∈ (0, ∞). There exists a metric g as in (1) and a sequence of outlying stable constant mean curvature spheres
On the other hand, we show that sequences of stable constant mean curvature spheres as in Theorem 1 cannot exist when the scalar curvature of the metric g is nonnegative.
Theorem 2. Let a ∈ (0, ∞). Let g be a metric as in (1) and let R be its scalar curvature function. If there exists a sequence Σ (n) of outlying closed stable constant mean curvature surfaces such that ρ Σ (n) → ∞ and
By comparison, Theorem 1.6 in [11] of J. Metzger and the second-named author implies that if the scalar curvature is positive and if Σ (n) is a sequence of closed stable constant mean curvature surfaces whose areas diverge to infinity as n → ∞, then ρ Σ (n) → ∞.
Theorem 2 may be rephrased as follows: Let g be a metric as above such that R ≥ −o(|x| −4 ) where R is the scalar curvature of g. Then, for every β ∈ (0, 1), we can find a real number ρ with the property that there are no outlying stable constant mean curvature spheres Σ with ρ Σ ≥ ρ and
The uniqueness results in [14, 18] for large stable constant mean curvature spheres that contain the center of the manifold rely on a calculation of certain flux integrals. No assumption on the scalar curvature is necessary. By contrast, these flux integrals vanish in our situation. The proofs of our main results here are based on a more delicate analysis. Our starting point is a Lyapunov-Schmidt reduction. This method is inspired in part by the noncompactness results for the Yamabe equation in conformal geometry; see e.g. [2] or [4] for details. Using the implicit function theorem, we construct a family of surfaces Σ (ξ,λ) each of which is close to a large coordinate sphere centered at λξ and of radius λ, whose enclosed volume is equal to 4π 3 λ 3 , and whose mean curvature differs from a constant by first spherical harmonics. Moreover, we show that Σ (ξ,λ) has constant mean curvature with respect to g if and only if ξ is a critical point of the function ξ → H 2 g (Σ (ξ,λ) ). On the other hand, we prove that
where F (ξ) is defined by
for ξ ∈ R 3 \B 1 (0). It turns out that the last term is related to the scalar curvature of the background metric g in a subtle way. If R ≥ −o(|x| −4 ), we are able to show that the radial derivative of the function F is strictly positive. In particular, F has no critical points in this case. On the other hand, if the hypothesis on the scalar curvature is dropped, we show that for a suitable choice of the perturbation term T the function F has a strict local minimum at some point ξ ∈ R 3 with |ξ| > 1.
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Lyapunov-Schmidt reduction
Let us fix a real number σ > 1, an integer k ≥ 1, and a real number α ∈ (0, 1). Let X denote the space of Riemannian metrics on the ballB σ (0) ⊂ R 3 with the C k,α topology. Let Y denote the space of C k+1,α functions on the unit sphere with center at the origin. The following consequence of the implicit function theorem is well known.
Proposition 3. If g ∈ X is sufficiently close to the Euclidean metric, then there exists a unique function u ∈ Y close to 0 with the following properties:
• The spherical graph Σ = {(1 + u(y)) y : y ∈ ∂B 1 (0)} encloses the volume 4π/3 with respect to the metric g.
• The function u is orthogonal to the first spherical harmonics. The mean curvature of Σ with respect to g is equal to a constant plus a sum of first spherical harmonics.
We may write u = G (g) where G is a smooth map from a neighborhood of the Euclidean metric in X to a neighborhood of 0 in Y .
Let g be a Riemannian metric of the form (1). Fix a bounded open set Ω ⊂ R 3 withΩ ∩B 1 (0) = ∅. For ξ ∈ Ω and λ > 0 large, we consider the coordinate sphere
The rescaled metricg
The following result follows from Proposition 3 and a scaling argument. Proposition 4. Suppose that λ is sufficiently large. For every ξ ∈ Ω we can find a surface Σ (ξ,λ) with the following properties:
• Σ (ξ,ε) is a spherical graph over the coordinate sphere S (ξ,λ) . The height function u (ξ,λ) is orthogonal to the first spherical harmonics on S (ξ,λ) and we have the estimate
• vol g (Σ (ξ,λ) ) = 4πλ 3 /3.
• The mean curvature of Σ (ξ,λ) satisfies
The enclosed volume of the coordinate sphere S (ξ,λ) with respect to the metric g is given by
Using that vol g (Σ (ξ,λ) ) = 4πλ 3 /3 we find that
In other words, the mean value of u (ξ,λ) over the coordinate sphere
The mean curvature H S (ξ,λ) of the coordinate sphere S (ξ,λ) with respect to the metric g satisfies
We will require a more precise estimate. Using the formula for the change of the mean curvature under a conformal change of the metric, we obtain that
where y = λ −1 x − ξ. Since |y| = 1 on S (ξ,λ) and |ξ| > 1, we may write
where the P l 's are the Legendre polynomials. Differentiating this identity with respect to ξ in radial direction gives
Putting these facts together, we obtain
On the other hand, the mean curvature of the surface Σ (ξ,λ) with respect to the metric g satisfies
From this, we deduce that
Using that u (ξ,λ) has mean −2 |ξ| −1 + O(λ −1 ) and that it is orthogonal to the first spherical harmonics on S (ξ,λ) , we obtain that
and
In particular, we have
In the next step, we derive an asymptotic expansion for the surface area of Σ (ξ,ε) .
Proposition 5.
We have
where F (ξ) is defined by (2).
Proof. Let us define a functional F λ on closed hypersurfaces Σ by
where the area and enclosed volume of Σ are computed with respect to the metric g. Using the second variation formula for the functional F λ , we obtain
Note that
Subtracting the second identity from the first gives
Thus,
We next analyze the term F λ (S (ξ,λ) ). Using the identity
Similarly, the identity
Putting these facts together, we conclude that
This implies
This completes the proof of Proposition 5.
Finally, we need the following technical estimate:
where the constant C is independent of λ.
Proof. The rescaled surfaceΣ (ξ,λ) = λ −1 Σ (ξ,λ) − ξ is a spherical graph over the unit sphere with center at the origin. Its height functionũ (ξ,λ) can be expressed asũ (ξ,λ) = G (g (ξ,λ) ) where G is a C 2 map from a neighborhood of the Euclidean metric in X to a neighborhood of 0 in Y . Since
we conclude that
Fix a pointξ ∈ Ω. Using the formulae for the first variation of area and volume, we obtain
Similarly, using the formula for the second variation of area and volume, we obtain
Perturbations with R ≥ −o(|x| −4 )
Throughout this section, we will assume that R ≥ −o(|x| −4 ). It follows from (1) that the scalar curvature of g is given by
The condition R ≥ −o(|x| −4 ) is equivalent to the inequality
Proof. Let
By assumption, K(s) is nonnegative, and we have
Using the divergence theorem, we obtain
We next observe that d ds
Since T is homogeneous of degree −2, the radial derivative of T satisfies D x T = −2 T by Euler's theorem. Putting these facts together, we obtain
for all s ≥ 1. Here, ν = x − sξ denotes the outward-pointing unit normal vector along the sphere ∂B 1 (sξ). Since K(s) ≤ K(1)/s, it follows that the function G(s)/2 + K(1)/(2s 2 ) is monotone decreasing in s. Since G(s)/s + K(1)/(2s 2 ) → 0 as s → ∞, we conclude that
as claimed.
Corollary 8. Assume that T satisfies (3). Then we have
where F (ξ) is defined by (2) .
Proof. From the definition of F , we have that
The assertion now follows from Proposition 7.
Proof of Theorem 2
We argue by contradiction. Suppose that lim x→∞ |x| 4 R(x) ≥ 0. Let Σ (n) be a sequence of outlying stable constant mean curvature surfaces such that ρ Σ (n) → ∞ and H Σ (n) → 0. Let r n := 2/H Σ (n) . By assumption, we have that lim
Consider the metrics g (n) := r −2 n ϕ * n g where ϕ n : R 3 → R 3 is the homothety x → r n x. The rescaled metrics g (n) converge to the Euclidean metric 3 i=1 dx i ⊗ dx i away from the origin. The mean curvature of the surfaces r −1 n Σ (n) with respect to g (n) is equal to 2. The second fundamental forms of these surfaces and their derivatives are uniformly bounded by Proposition 2.2 in [11] . Using compactness arguments for immersions with bounded geometry as in [8] we may extract a subsequence that converges to a stable constant mean curvature immersion with mean curvature 2 in R 3 . Such an immersion is a unit sphere by results of B. Palmer [17] ; see also [9] and [15] . To summarize, a subsequence of the rescaled surfaces r −1 n Σ (n) converges to a unit sphere ∂B 1 (ξ) where |ξ| = 1 + a. It follows that Σ (n) is a perturbation of a coordinate sphere when n is sufficiently large and thus arises in our Lyapunov-Schmidt reduction. More precisely, we may write Σ (n) = Σ (ξn,λn) where lim n→∞ ξ n →ξ and lim n→∞ r n /λ n → 1.
We claim that this setup leads to a contradiction. To see this, let Ω denote the open ball centered atξ of radius a/2. Clearly, ξ n lies in the interior of Ω if n is sufficiently large, and we haveΩ ∩B 1 (0) = ∅. We define a function
Since Σ (n) has constant mean curvature, it follows that ξ n is a critical point of the function F λn . By Proposition 5, we have F λ − F C 0 (Ω) → 0 as λ → ∞. Moreover, Proposition 6 implies that F λ C 2 (Ω) ≤ C for some constant C that is independent of λ > 0. Putting these facts together, we conclude that F λ − F C 1 (Ω) → 0 as λ → ∞. Using Corollary 8, we obtain that
for all ξ ∈ Ω. On the other hand, it is elementary to see that
Hence, if we choose λ > 0 sufficiently large, we have that
for all points ξ ∈ Ω. In particular, if λ is large enough, then the function F λ has no critical points in Ω. This contradicts the fact that ξ n is a critical point of the function F λn .
Proof of Theorem 1
We now construct a metric g that admits a one-parameter family of outlying stable constant mean curvature spheres. Throughout this section, we let v = (0, 0, 1) ∈ R 3 and we consider the function
for s > 1. Let us fix a real number s 0 ∈ [2, ∞) such that I ′ (s 0 ) = 0.
Lemma 9.
There exists a smooth function ψ : R → R such that the function
has a strict local minimum at some point ξ ∈ R 3 with |ξ| > 1.
1 Note that if the left-hand side were negative for some ξ > 1, then we could turn the argument around and conclude the existence of closed constant mean curvature surfaces in the Schwarzschild manifold that are disjoint from the horizon. This would contradict results in [5] .
Proof.
0 . Consider the smooth function
Note that sup t≥t 0 |ϕ k (t)| ≤ 1 and sup t≥t 0 |ϕ ′ k (t)| = O(k). We also define the function
Hence, if we define
We next define a smooth function ψ k by ψ k (t) = ϕ k (t) − a k . Moreover, we define
by definition of a k . It follows that the point s 0 v is a critical point of the function Q k . We claim that the function Q k has a strict local minimum at the point s 0 v if k is sufficiently large. To see this, we examine the Hessian of the function Q k at the point s 0 v. For abbreviation, let
We have that
For every point x ∈ U k we have 1 − 3 ( has a strict local minimum at some point ξ with |ξ| > 1.
Proof. Multiply the function ψ from Lemma 9 by a large positive constant.
Let ψ be as in Lemma 10. We define a Riemannian metric g by g = (1 + |x| −1 ) Note that the components of T are homogeneous functions of degree −2 and that tr R 3 (T ) = 0. Using Proposition 5, we find that Hence, if λ is sufficiently large, the function
attains a local minimum at some point ξ with |ξ| > 1. Consequently, the surface Σ (ξ,λ) corresponding to this particular value of ξ is an outlying stable constant mean curvature sphere. This finishes the proof of Theorem 1.
